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By the use of tools from systems theory, it is now well known that classes of linear and nonlinear dynamic systems
in first-order form can be alternatively written in higher-order form, that is, as sets of higher-order differential
equations. Input-state linearization is one of the popular tools to achieve such a transformation. For mechanical
systems, the equations of motion naturally have a second-order form. For real-time planning and control, a higher-
order form offers a number of advantagescompared to the first-order form. The question of trajectory optimization
of higher-order systems with general nonlinear constraints is addressed. First, we develop the optimality conditions
directly using their higher-order form. These conditions are then used to develop computational approaches. A
general purpose program has been developed to benchmark computations between problems posed in alternate
higher-order and first-order forms. The program implements both direct and indirect methods and uses collocation

in conjunction with a nonlinear programmingsolver.

I. Introduction and Problem Statement

T is conventionalto consider dynamic systems in the state-space

form, that is, as a set of first-order differential equations. How-
ever, the dynamicsof mechanical systems has a natural second-order
form, arising out of the application of Newton’s laws. From a dif-
ferent perspective, using results from systems theory, (for example,
see Ref. 1), dynamic systems can be written in canonical forms that
allow the governing equations to be expressed as higher-order dif-
ferential equations. Dynamic systems that have this feature include
controllablelinear and nonlinear systems and can be grouped under
the broader umbrella of differentially flat systems.>

The objective of this paper is to address the problem of trajec-
tory optimization of systems that admit both first-order and higher-
order representations, either in their original coordinates or in the
transformed coordinates. Methods that exploit the structure of the
higher-order differential equations to compute the optimal solution
efficiently are still in their infancy. However, a few studies in the
literature address this issue applied to limited classes of problems.
For example, a direct method was used for planar vertical takeoff
and landing systems to compute the optimal solution, where the
inequality constraints were not considered? In recent work, the in-
direct method has been used to compute the optimal solution in
the absence of inequality constraints. In these studies, the system
equations were explicitly embedded into the cost functional. The
results from higher-order variational theory were used to find the
optimality conditions* This approach was applied successfully to
linear systems>® and feedback linearizable nonlinear systems.’

The purposeof this paperis to extend the optimality theory appli-
cable to higher-order systems, without converting the system equa-
tions to the first-order form. Using the resulting optimality condi-
tions, we develop and implement direct and indirect computational
algorithms. The same direct or indirect algorithm is used to solve
the first-order and the higher-order optimization problems, thereby
allowing a benchmark of the computationrequirementsin a system-
atic manner.

The statementof the problemis to find the optimal trajectory, that
is, the function pair [x (¢), u(#)] for a dynamic system described by

x(”)(t):f(x,x(l),...,x(”_l),u,t) 1)
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where x(t) € R" and u(t) € R™, x® (¢) is the ith derivative of x(¢),
and f is a vector functionin R”. We assume that f has continuous
first and second partial derivatives with respect to the arguments
x,xP .., x?~Yandu. The optimal trajectory minimizes the cost

J=@[x(ty),xVtp), ..., xP V), 1]

1
+/ L[x(@),xV@),....x? V@), u(), 7] dr 2)
10
while satisfying the constraints
cj(t,x,x(l),...,x(”_l),u)50, j=1,...,r (3)

The functions @, L, and ¢; are also assumed to have continuousfirst
and second partial derivatives with respect to the arguments. For
p =1, Eq. (1) is the familiar first-order description of the system
with n states and m inputs. For p > 1,if Eq. (1) is written in the state-
space form, it will resultin np first-order differential equations with
m control inputs.

The space of functions in which the extremum is sought is
D,(t, t;) (Ref. 4). It consists of continuous functions x(¢) with
p continuous derivatives on an interval [f, ]. The norm on D, is
defined as

P
lxll, =Y max [xO@)] )
N Omststf

i=

where x¥(¢) is the ith derivative of x(¢f) and x@ (¢) is x(¢). The
space D, is a normed linear space.

The organization of this paper is as follows: Section II describes
the optimality conditions. Section III approaches these results from
the viewpointof calculus of variations. SectionIV outlines the com-
putational algorithms and the nonlinear programming problem. The
computation comparisons are made with examplesin Sec. V.

II. Optimality Conditions

The optimality conditionsare derived using Hamilton-Jacobi the-
ory starting from the higher-order form of the dynamic system and
the cost functional. The derivation is performed in two steps. First,
it is assumed that u(¢) € U, where the constraint set I/ is piecewise
smooth and independent of x and its higher derivatives. Second,
the constraint set I/ is allowed to be dependent on x and its deriva-
tives, as required by Eq. (3). In our subsequentdiscussions, we use
x()=[xOTxO@DT, ..., x?=Y@®)T]" to simplify the notations.
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A. Constraint Set: u € U

Theorem: Let x(¢) and u*(t) be the optimal functions that min-
imize Eq. (2) subject to Egs. (1) and u(t) € U starting out from an
initial state x(;). Define a function

Hlx (@), u(0), 2(1), 11 = Llx (@), u(0), 11+ 10)" flx(@), u(t), 1]
5

where A(¢) € R" are smooth and differentiable functions that satisfy
the differential equation

He =M+ (D7 HE T = (<D (6)
with all partials evaluated along the optimal trajectory. Then,
for all # €[t, t;], the function H[x(¢), u*(t), A(t), t] < H[x(t),
u(t), A(r), t], that is,

Hlx (@), u* (), A1), t] = mizrzl Hlx (@), u, M(1), t] )

Proof: The proof uses the pattern of Ref. 8. We define a return
function

i
Jx(), t,u(x)] = @lx(t), t/] +/ Llx(t),u(r),r]ldr (8)

where J[x(t), t, u(t)] has continuousfirstand second partial deriva-
tives with respect to the arguments. Here, x(7) is an admissible start
point, and u(7) is an admissible input defined over r <1 <1, that
is, u €U. For [t, x(t)], we define the minimum cost

t
J*x(@),t] = mial {@[x(tf), te]+ / Lix(t), u(r), tl dr} )

By subdividingtheinterval (¢, ;) intof < v < ¢+ Arandf+ At <
T < t;, we can rewrite Eq. (9) as

t+ At
J*[x(0), t] =mi2{ / Ldr+J*[x(t+At),t+At]} (10)

On expanding Eq. (10) in Taylor’s series about [x(?), ¢], we obtain

4 At
J*[x(t), t] = min (/ Ldr + J*[x(1), t]

ue
+ aJ*
ox
Recalling x(6)" =[x()TxO )T, ...,
At, we have

J*x(@). £] = min (7 lx @), 1+ {LIx(@), u(r), 11+ JF[x(0), 1]

T
} x(t)At 4 higher-order terms) (11)

x?=D(@)T]T and for small

+ I @), tlx V(@) + -+ T L), eV (@)

+ 130 (@), 1 fLx(@), u(t), 11} At + O(AD) (12)

On neglecting higher-order terms of A¢ and separating terms de-
pendent on u, we can rewrite the preceding equation as

0= Jx@®), 1+ " [x(@), tlxV @) + - -
+ 0 (), PV @) + min {Llx@), u(r), 1]

+ 0 (), O flx(@), u(®), 11} (13)

One can now define a Hamiltonian H[x(t), u(z), J* - s tl=
Llx(), u(t), t1+ 77 le(@), t1f[x(t), u(t), t], and

H[x(), u* (1), J;‘“,_l),t]—mmH[x(t) w(t), J%, 1] (14)

Here the minimizing control is said to depend on x(7),
“, l)[x(t) t], and . From Egs. (13) and (14), the extended form
of Hamilton-Jacobi equationis

T (o), 14+ T @), el @) + - + Jx*(ﬁ_z) [x(), t]1x?~ D)

+H{x@), w[x@), I3, 1 1], 5 st} =0 (15)

where J* satisfies the boundary condition

JH[x(ty), tp] = ®x(ty), t/] (16)
Insummary, 1) the optimal controlu*[x(t), J* -1 t] minimizes the
Hamiltonian 7 defined in Eq. (14) and 2) the optlmal return function
satisfies the partial differential equation (15). If p = 1, these results
simplify to the classical Hamilton-Jacobi equations’

The costate equations (6) can be derived from Hamilton-Jacobi
Egs. (15) using the procedure suggested by Kirk.® If [x*(¢), ] is a
point on the optimal trajectory, the Hamilton-Jacobi equation can
also be written as

0= mig [Jt*[x*(t), t]+ J;‘T[x*(t), P + - -

T (@), @)+ H [0 u ), T, M]} (17)

since J[x*(t),t], JT[x*(r), 1] x* V@), ..., J*(i y [x*(0), 1]

x*p= 1)(t) are independent of u(¢). In words for a [x*(¢), t], the
control u*(t) minimizes the right-hand side of Eq. (17), and the
minimum is zero. Hence, if we define a function

vlx (), u* (1), t] = Jlxe@), 1]+ I (), t1x V@) + - -

+ I @), (x P 0@) + Hx @) @), T, 1] (18)

in the neighborhoodof x*(¢), thatis, x(¢) =x*(¢) 4 dx(t), this func-
tionhasalocalmimimum atx*(¢), thatis, dv/dx[x*(t), u*(¢), t]=0.
Because the mixed partial derivatives are continuous, the order of
the derivatives in a mixed partial can be interchanged. With this
property,dv/dx[x*(t), u*(t), t] = 0 simplifies to the following com-
ponent equations:

J*(A')t + J:(k)xx(l) + .

X

X

T (k) k= 1)’C )+ Jx(k—n +e
(p—1

+J O (p-2 X + J; ) (p— 1)’C +L w + fm MU =0

k=0,....,p—1 (19)

evaluated at x*(¢), u*(t), and ¢. Here, a term such as J*
is an (n x n) matrix with rs element J*

K (P =2)
PRIEEE By the use of

the definition of total time derivative of function J* "> the preceding
equation simplifies to

JX(M

dr +J*(A 1)+LX(A)+f(A) = 1)—0 k=0,...

,p—1
(20)

On defining ¥ (1) = J7, b [X* (1), t], we can write Eq. (20) as
Y (0 + Y (0) + How [x°(0), u™ (1), 1] =0
k=0,...,p—1 QD
Note that v, are defined for values 1- p. In summary, each [x* (), 7]

on the optimal path satisfies Eq. (21). The components of this
equation are

Y () + Y1 (1) + Hyo -l (1), (1), 1]1=0

Y0 + Ypoa (1) + Hoo-n [x7(0), (1), 1]=0

D@+ () + Heo [x* (1), w* (1), 1] =0

@)+ H [x* (), u* (1), t]=0 (22)
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By the use of these equations, it is possible to eliminate v, ()~
¥ (t). Then, the resulting differential equation is

H, — ’}—(i‘(i) +o o (=1)PT IH,((](’,:ll)) _ (_l)pl/jlgm (23)

which must hold at each point [x*(7), ¢] of the optimal solution.
When we compare Eqs. (6) and (23), it is clear that A(¢) are same
as ¥, (). O

The transitionfrom Eq. (22) to Eq. (23) presupposesthe existence
of ’Hil(f), 'Hfg), ce Hi’(’;). This additional hypothesisis not needed
when deriving through calculus of variations. This will be discussed
in more detail in Sec. III. The solution of this differential equation
requires boundary conditions v, (¢), . .., ,(,p ~b (t;), whichcanbe
obtained from Egs. (16) and (22). When p = 1, theseresults simplify
to the well-known optimality conditions.!°

B. Constraint Set: u € A, x)

In this section, we consider the constraint set for u(¢) both
time and state dependent, that is u € A(f, x). In the derivation of
Hamilton-Jacobi equations, the steps are same as the case u €U
with Eq. (14) replaced in the following way:

H{x), ut[xt), T3, o t]. Tt}

X

= n}‘in ’}-([x(t),u(t), J;‘“,_l),t] (24)
)

ueAx

In the derivation of the costate equations, the steps remain essen-
tially the same. Now x*(¢) minimizes v[x(¢), u*(t), t] subjectto the
constraintu(t) € A(t, x), described as

Ci(t,x,u) <0, j=1,...,r 25)

Hence, x* (t) minimizes v'[x(¢), u*(t), t], where

vl (), w (@), 1] = vlx (), w* (), 11+ ) [Ci (0 x, u) + €7
j=1
(26)

This local minimum property can be characterizedas dv'/dx[x*(¢),
u*(t), t]=0. On defining a modified Hamiltonian

H ='H+Zujcj(t,x, u*)

j=1
one can show that

YL O+ Y () + o (@), u (1), 1] =0
k=0,....,p—1 (7

and p ;& =u;C;(t,x*,u*)=0, j=1,...,r. This second condi-
tion says thatif the jth constraintis active, it ; > 0, otherwise u; = 0.
The costate Egs. (23) now get modified to

H, =M+ DPTHET) = DMy (28)

which must hold at each point [x*(?), ¢] of the optimal solution.

In summary, the optimal trajectory for a higher-ordersystem with
constraints u € A(t, x) satisfies Eqs. (1), (24), and (28) along with
the condition p; > 0 if jth constraintis active, otherwise t; =0.

III. Variational Theory

The objective of this sectionis to derive optimality conditions for
the problem posed in the Introductionusing results from variational
theory. Note that in modern literature, almost all treatments of op-
timal control problems consider functionals dependent on only the
first derivatives.!°~!> Because our problem involves higher deriva-
tives, we first review some general results from variational theory
applicable to functionals with higher derivatives. These results are
then specialized to the problem defined in the Introduction.

A. Key Results and First Integrals
We choose a general functional of the form

=[x, xV(t), ..., x? V), 1]

ty
+/ Flx@), xV @), ..., x?= V(@) x" (1), 1] dt

fo

and consider the general open end states and end time problem.
The problem can be stated as follows: Among all functions x(¢)
belonging to D, (%, ;) with open end states and end time, find
the function(s) that extremize the functional J. We replace x(¢)
by x(t) + h(t), where h (1), like x(t), belongs to D, (f, t;). By the
variation 8 J, we mean the expression that is linear in h(t), AV (¢),
and A" (¢) and that differs from the increment AJ = J[x + h] —
J[x] by a quantity of order higher than 1 relative to h(t), KV (1),
e, BP(2).

From the principles of variational calculus,*!* one can show that

80 =Wt + [ATW, + RO ) + -

t
+h(p_l)T\llx(l"l)]tf+/ (hTFX+h(1)TFX(l)+"'

10

+ I’Z(p)T Fx(p)> dr (29)

On repeatedly integrating Eq. (29) by parts and using the boundary
conditions, one can show that

Ly
(SJ:/ hT[FX—Fx((ll))+...+(_1)PFX((1;))]dt
fo

+ [hT(FX“) — Fx((12)> NI (_l)p—1F<p—1>)]tf

X 0

+{h(1)T[FX(2) _ FX((13)> 4ot (_l)p—ZF(P—Z)]}tf +

o "

+ [h(”_ I)TFX(m];f) + [F - x(l)T{Fxm —FQ 4+

*@

+(_1)P—1F(P—1)} —X(Z)T{Fx(z) —FD L.

) NE)

+(=1)72 Fx(p—Z)} e xWT FX(,,)]St’;f) + \P,St’tf

()

AT AR BT ] (30)
where @ = §x® is the variation of ith derivative of x and 87 is the
variation of time. The necessary conditions are derived by making
6J =0 and consist of a set of differential equations to be satisfied
by the problem along with appropriate boundary conditions. From
Eq. (30), the governing differential equation is obtained from the
terms within the integral

Fo—F{ 4+ (=D'FS) =0 3D
In general, this differential equation is a 2pth-order differential
equation. This equation is the extended Euler-Lagrange equation
and for p =1 reduces to the more familiar costate equations in the
optimal control literature.

The derivation of Eq. (31) has not been rigorously done here
because the transition from Eq. (29) to Eq. (30) presupposes the
existence of the derivatives Fx((ll)), .. ,Fj(’j,)) . However, by some more
elaboratearguments,* it can be shown that Eq. (29) implies Eq. (30),
without this additionalhypothesis.In fact, the argumentsin question
prove the existence of these derivatives. Furthermore, any x(¢) that
has continuous p derivativesand satisfies Euler-Lagrange Egs. (31)
possesses continuous 2p derivatives.

The differential Egs. (31) admits a number of first integrals de-
pending on the structure of the integrand F.

1) If F does not explicitly contain x, that is, F, = 0, Eq. (31)
becomes

%[Fxm —FQ 4+ D FE =0 (32)

M)
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Hence, the optlrnal solution admits 7 first integrals F,.a) — FX((IZ)) +
-+ (=DPF (’j,)_ Y — K. With a similar reasoning, 1f F does not
explicitly containan element of x, for example, x;, correspondingly,
there is a single first integral.
2) If F does not explicitly depend on x and xV, one can write

Eq. (31) as

2

(1) (p—1
@[Fx“) Fot+(= Hr ZF(];w ]:0 (33)

Hence, the optimal solution admits the integral F,o — F (13) + -
+ (=P~ ZF((’;)_ D = K. This argument can be extended to obtam
other first 1ntegrals depending on the elements of x and their higher
derivativesin the integral.

3) If F does not explicitly contain f,
F_x(l)T{FX“) _F((lz))+ _,’_(_l)p—lF(P }

Ys
» - X {FX(Z)

- )C(p)TFX(p) =K
(34)

This property can be verified by time derivation of the left-hand and
the right-hand sides. For open end time problems, where W does
not explicitly depend on ¢, that is, W, = 0, the constant K = 0. For
p=1,if F is independent of time, we arrive at the familiar result
F — )C(I)T Fx“) =K.

1) (p—2)
—FQ 4+ (=D 2 }

M)

B. Higher-Order Systems and First Integrals

To address the dynamic optimization problem at hand, which
consists of minimizing Eq. (2) subject to Egs. (1) and (3), one can
define F and W of Eq. (30) in the following way:

F(x,x(l), L xPD X e S, t) =L+ AT(f — x(”))
+£7(C+8Y) (35)

Wlx), xVwp), .., xP V@), ] = @ (36)

where $2(r) =[s(t) s3(), ..., s2(1)]" isa (r x 1) positiveslack vec-
tor for the constraints C, also &£(¢) are the corresponding Lagrange
multipliers and A(¢) are Lagrange multipliers corresponding to the
dynamic equations. By the use of the general result of Eq. (30) and
the recognition that F' has dependence on other variables besides x
and its higher derivatives, it is immediately clear that the optimal
solution must satisfy the following differential equations:

(1) ()
Fo—F )+ +(=D'F{ =0 (37
F,=0 (38)
£s; =0, i=1,...,r (39)

along with Egs. (1) and (25). Using an expression for ' = L +
AT f + £7C, one can easily show that Eq. (37) simplifies to
(=D = (= DPAP (40)

’ /(1)
Hx - me + x(r=0
and has a structure identical to Eq. (28). Equation (38) can be eval-
uated to show that

F, =M =0 (41)

One interpretation of Eq. (41) is that, on the optimal trajectory,
u(t) pointwise minimizes H’'. An equivalent statement is that u(?)
pointwise minimizes H subjectto the constraints(25). Hence, u*(t)
of Eq. (41) also satisfies the following property:

Hlx(@), u™(t), A, t] = n}‘in Hlx (@), u(t), A, t] (42)
u € Alt,x)

identicalto Eq. (24). Equation (39) has the following interpretation:
if C; <0, then&; =0andif C; =0, then&; > 0.

Equation (40) requires boundary conditionson higher derivatives
of A. These boundary conditions can be obtained from Eq. (30). Be-
cause initial conditionson x (¢), xV(¢), . .., x? =D (¢) are specified,
h(ty), RV (ty), ..., h? =V (1) are zero. Because terminal conditions

on these variables are free, the terms associated with i(z ), k" (1),
.,h® =V (t;) must be identically zero. This reasoning gives us the
following boundary conditions:
(1) k=29 (p—k=2)
[H;(k+l) _H;(M—z) +o+ =D H”

xr=1

— (=PRI p kD) @Xm]tf =0, k=0,...,p—1

(43)

In summary, the functions v, definedin Sec. Il are essentially the
same as A introduced in this section. Both satisfy the same differ-
ential equations (28) or (40) and boundary conditions. The optimal
u(t) from both approaches are the same.

For the system under consideration, F = H' — AT x and H' =
L+ATf+&TC.If L, f, and C are not explicit functions of time,
according to the preceding section, the solution has a first integral
given by Eq. (34). On simplifying, it can be shown that this equation
reduces to

H — (1) ['H o — 'H;((I;) L4 (_l)p—zH/(p—Z)

x(r=1

+ (=D ] = x@ [, —H +

F(= DD+ (— a2 -

x =1
_nT ,
x(p D [Hx(p—l) + )\(1)] =K (44)

IV. Numerical Solution via Nonlinear Programming

AnonlinearprogrammingproblemminimizesJ (y) subjectto con-
straints ¢(y) < 0, where y are the decision variables. The optimal
control problem outlined in this paper can be transformed to a non-
linear programming problem by finite parameterization of the dy-
namic variables. In this section, we provide detailsof a directand an
indirect scheme to solve the dynamic optimization problem. Both
schemes parameterize the dynamic variables followed by colloca-
tion over the time domain of interest.

A. Direct Scheme and Computational Issues

In the direct scheme, the cost in Eq. (2) is optimized subject to
Egs. (1), (3), and the boundary conditions specified in the problem.
In this scheme, the total time is divided into a finite number of
intervals. In each interval, the state variables are represented by
polynomials, with degree larger than or equal to p — 1. The control
inputs are selected to be a constant in an interval. The differential
equations (1) and the inequality constraints (3) are then satisfied at
collocationpoints chosen over ) and f;. Similar methods have been
used in directschemes for system equationsin first-order forms.!>1®

With N intervals and the parameterization of x and u, the total
number of decision variables y is >(np +m)N. The variables x are
subject to boundary conditions at z, and/or f; and continuity across
the interval boundaries. This results in a maximum of np(N 4+ 1)
equality constraints.If N. is the numberof collocationpoints,Eq. (1)
resultsin nN, equality constraintsand Eq. (3) in N, inequality con-
straints. The nonlinear programming problem is now well defined
and can be solved by standard available tools.

Here, we briefly compare the dimensions of two nonlinear pro-
grams applicable to the same physical problem, one posed in a
higher-order form and the other in an alternate first-order form. We
assume the same number of intervals and collocation points in the
two problems.

A system described by n pth-order differential equations is also
equivalentto a system with np first-order differential equations. For
the first-order problem, the parameterization of the states in each
interval must be at least first-degree polynomials, and the inputs
are piecewise constants. This results in the total number of decision
variables to be larger than or equal to (np+ m)N. The boundary
conditions and continuity across the nodes add up to a maximum of
np(N + 1) equality constraints. If N, is the number of collocation
points, the dynamic equations in the first order will yield npN,
equality constraints and r N, inequality constraints.

On comparing these numbers with those obtained for the higher-
order problem, one can make the following observation: For the
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same collocation grid in time, the dynamic equations in the higher-
order form yield equality constraints that are smaller by a factor p
compared to those obtained for the first-order form.

B. Indirect Scheme
The indirect computation scheme is similar to the direct scheme,
except that the first-order optimality equations are explicitly con-
sidered. Besides Eqgs. (1-3), the additional equations considered are
Eqs.(40-42). These are n state and n costate equations, r inequality
constraints,and m scalar conditions 7, = 0. The dynamic variables
to be determined are n state variables, n costate variables, m control
inputs, and r Lagrange variables corresponding to the constraints.
The total time is divided into a finite number of intervals. In each
interval, the state variables, the costate variables,and Lagrange vari-
ables are representedby piecewise polynomials, with degrees larger
than or equal to 2p — 1. At each interval boundary, 2p continuity
conditions are imposed at the nodes. These are 1) continuity of x ()
upto p — 1 derivativesacross a node and 2) continuity of the natural
boundary term across a node
[Hio =H oy 4+ D PHE T + (=1 a0

t
i

= [H;(i) - H;((li)+1) + st + (_l)p_3H;((];t12)_i)
+ (=P L i=1,...,p (45)

The control inputs are selected to be piecewise constants. Equa-
tions (1-3) and Eqgs. (40-42) are then satisfied at a finite collocation
grid over £, and #;. Similar methods have been used in indirect
optimization of problems posed in first-order forms.!”

With N intervalsand the parameterizationof x, A, u, and p, the to-
tal number of decision variables y is >(3np +m)N. The variables
x are subject to boundary conditions at #, and/or ¢, and continu-
ity across the interval boundaries. This results in a maximum of
2np(N 4+ 1) equality constraints. If N, is the number of colloca-
tion points, Egs. (1) and (40) eachresultin n N, equality constraints.
The control optimality equations H], =0 yield m N, equality con-
straints and Eq. (3) yields r N, inequality constraints. The nonlinear
programming problem is now well defined and can be solved by
standard available tools.

Because the state and the costate equations can be alternatively
written in first-order forms, one can reason that, for each colloca-
tion point, the number of inequality constraints in the first-order
and higher-order forms are the same. The substantial difference in
equality constraints comes from the two alternative forms of the
dynamic equations and the costate equations. Similar to the direct
case, one can make the following observation: For the same collo-
cation grid in time, the dynamic equations and the costate equations
in the higher-order form yield equality constraints that are smaller
by a factor p compared to those obtained for the first-order form.

C. General Program

A general purpose programwas developedthatimplements direct
and indirect schemes for a system described in higher-order form.
The first-order form can be treated as a special case with p = 1. This
programis written in MATLAB® with an interface to a nonliner pro-
gramming solver NPSOL. All of the steps leading to the optimality
equations are performed in Symbolic MATLAB. The procedures
for parameterizing the dynamic variables and collocation with fi-
nite grids are coded in MATLAB. The analytical gradients of the
resulting constraints are passed on to NPSOL.

V. Numerical Examples

The methods proposed are illustrated by two examples. The first
example is a linear spring-mass-damper system, whereas the sec-
ond is a nonlinear system. Starting from Newton’s laws, both ex-
amples can be written in second-order forms. Alternatively, they
can be written in first-order forms as well as fourth-order forms, as
described later.

Fig.1 Spring-mass-damper system with two masses and one input.

A. Spring-Mass-Damper System
This system is shown in Fig. 1. The equations of motion are

Mx® +CxV 4+ Kx = |:gi| (46)

where, x = (x; x,)7”. The matrices M, C, and K are

M- m;, 0 ’ c— cit+c  —q
0 my —C C2+C3

ki, + k —k
K=" 2 2 47)
—ky  kyt ks

In the numerical solution, the parameters in meter-kilogram-
second (MKS) units are chosen as m; =m,=1.0, c;=¢;=1.0,
¢y =2.0, and k; =k, =k; =3.0. The objective is to minimize the

cost
L
J =/ u®dt
fo

and steer the system from x(f) = (10 20)7 to x(t;) = (10 20)7

while starting and reaching at rest. The input must satisfy the con-

straint —300 < u < 300 during motion. The final time 7, is 2.0 s.
A first-order form for this system is

G = AG + Bu (48)
where
0
i 0 1, B 0 _ X
“|l-mMx —m'c|’ “liym| 1T 0
0 49)

The fourth-order form can be obtained by invoking a state trans-
formation of the form ¢ =Tq to Eq. (48), where T is the control-
lability matrix corresponding to the pair (A, B). In the space of
transformed variables ¢ = (¢ ¢» ¢3 ¢4)7, the dynamic equations
have a fourth-orderform.’ For the given parameters of the problem,
this equation is

s + 64 +17q," +244," +27q, = u (50)

where g, and u are scalars.

From Eq. (50), the expression for u(¢) can also be substituted in
the cost functional J and inequality constraints. Hence, an alternate
representation of the optimization problem s to find a trajectory of
q4(t) that minimizes the cost functional

ty
2
J:/ (4 + 64 +17¢7 +24¢" +27¢,) dt (51

fo

and satisfies the constraint
—300 < ¢ + 6q +17¢ +24q" + 27, <300  (52)

In summary, there are four alternative descriptions of the same
problem: 1) the second-orderform of Eq. (47) with two variablesand
one input, 2) the first-order form of Eq. (49) with four variablesand
one input, 3) the fourth-orderform of Eq. (50) with one variableand
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Fig.2 Six-interval direct solution of x;, x>, and u for example 1; plots for the four cases 1-4 overlap within the accuracy of the figure.
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Fig. 4 Analytical solution for x1, x>, and u using matrix exponential.

explicitly used to refine the indirect solution to yield results closest

one input, and 4) the fourth-order form with the dynamic equations

eliminated from the problem.

to the closed-form solution. Hence, the solution where the first in-

tegral was explicitly used as a constraint, was taken as a benchmark
to compare the accuracy of solutions obtained from the various ap-
proaches. Figure 5 shows the plots comparing the accuracy of the

solutions.

The six-intervaldirectsolutionfor thisexampleis shownin Fig. 2.
The plots for the four cases overlap within the accuracy of Fig. 2. The
six-intervalindirect solution for this example is shown in Fig. 3 for
the four cases, which again overlap within the accuracy of the figure.

Table 1 shows the CPU run-time for direct/indirectand first-order/
higher-ordersolution schemes. Some salient points that we observe

Because the solution does not hit any constraints, the analytical
solutionforx;, x,, and u using matrix exponentialis shownin Fig. 4.

from Table 1 are as follows: 1) A fourth-orderdirector indirect solu-

In this problem, the time does not appear explicitly. As described
in Sec. IIL, the solutionhas a first integral. This first integral was also

tion has roughly an order of magnitude smaller CPU time compared
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Table1l CPU run-time of example 1 showing direct/
indirect and first-order/higher-order comparisons

Systems CPU run-time, s
Direct first order 20.66
Direct second order 7.800
Direct fourth order 2.91
Direct fourth order eliminating 7.03
dynamic equations

Indirect first order 99.74
Indirect second order 22.35
Indirect fourth order 15.87
Indirect fourth order eliminating 20.83

dynamic equations

[T P PR —
femeqm e g ]

.................

Fig.5 Accuracy of the solutions in comparison with the solution ob-
tained with the first integral used explicitly as a constraintin example 1.

a0 mi

Fig. 6 Single-link robot with ¢
joint flexibility. &

to the first-order solution. 2) The direct solution takes less computa-
tion time compared to the indirectapproach, which can be attributed
to the absence of Lagrange variables. 3) Eliminating the dynamic
equations completely from the problem does not necessarily pro-
vide the smallest computation time. From Fig. 5, we observe that
the indirect solution is more accurate than the direct solution.

B. Flexible Link

A single link manipulator rotating in a vertical plane, driven
through a flexible drive train,” is shown in Fig. 6. The system has
two degrees of freedom, and the equations of motion are

L,g® +mglsing, + k(g1 — ) =0 (53)
12112(2) —k(gi —q)=u 54)

where I, and I, are the moments of inertia of the link and the
actuator, m is the mass of the link with its mass center at a distance
[ from the joint, k is the stiffness of the drive train, g is the gravity
constant, and u is the actuator torque. The optimal control problem
is to steer the system from a given initial conditions on g, ¢», ql(l),

and qz(l) at 7y to a specified goal point at 7, while minimizing a cost

rr
J=/ u? dt
fo

Table2 CPU run-time of example 2 showing direct/
indirect and first-order/higher-order comparisons

Systems CPU run-time, s
Direct first order 10.00
Direct second order 4.700
Direct fourth order 2.380
Direct fourth order with dynamic 8.754
equations eliminated
Indirect first order 434.8
Indirect second order 137.8
Indirect fourth order 58.62
Indirect fourth order with dynamic 68.17

equations eliminated

The trajectory must satisfy the constraint —15 < u < 15 during mo-
tion. The parameters used in the model (MKS units) are I, =
I,=1.0,k=1.0,g=9.8,m; =0.01,and =0.5.

The second-ordersystem, described in Egs. (53) and (54), can be
rewritten in a state-space form as

q\" = g3 (55)

0" =a (56)

q\" = —Imglsing, + k(g — )1/, (57)
a;" = k(g1 —q») +ul/ 1, (58)

where q1, q», g3, and g, are the four state variables.

The two second-orderdifferential equations (53) and (54) have a
specialstructure. From Eq. (53), ¢, can be written explictly in terms
of ¢, andits second derivative.On substitutingthis expressionfor ¢,
into Eq. (54), we obtain a single fourth-order differential equation
in g up to its fourth derivative

2
qf“) =a;u + (03 cOs g +a3)q52) ~+ oy sin qqul) +assing; (59)

where o; are constantswithoy =k/1J, 0y = —m gl /1,03 = —k(I +
N/, 0 =mgl/I,and as = —m, gkl /1J.

Additionally, we can define a problem where the expression for
the input u from Eq. (59) is explicitly substitutedinto the cost func-
tional and the constraint. Because the system has several dynamic
models, we summarize them briefly as follows: 1) second-order
model of Egs. (53) and (54) with two state variables and one input,
2) first-order model of Eqs. (55-58) with four state variables and
one input, 3) fourth-ordermodel of Eq. (59) with one state variable
and one input, and 4) fourth-order model with dynamic equations
eliminated.

The six-intervaldirect solution for this example is shownin Fig.7.
The plots for the four cases overlap within the accuracy of Fig. 7. The
six-intervalindirect solution for this example is shown in Fig. 8 for
the four cases, which again overlap within the accuracy of the figure.
Becausethe costand the constraintsdo notexplicitlycontaintime, as
described in Sec. I1I, the solution has a first integral. The solution,
with the first integral taken explicitly as a constraint, is used to
compare the accuracy of solutions obtained from other approaches.
Figure 9 shows the plots comparing the accuracy of the solutionsin
comparison with the solution obtained with the first integral used
explicitly as a constraint.

The results for this nonlinearexample have similar characteristics
to the linear spring-mass-damper system in terms of accuracy and
CPU run-time. Table 2 shows the CPU run-time for direct/indirect
and first-order/higher-order solution schemes. Some salient points
that we observe from Table 2 are as follows: 1) A fourth-orderdirect
or indirect solution has roughly an order of magnitude smaller CPU
time compared to the first-order solution. 2) The direct solution is
less computation intensive than the indirect approach, and it can be
attributed to the absence of Lagrange variables. 3) Eliminating the
dynamic equations completely from the problem does not necessar-
ily provide the smallest computation time. From Fig. 9, we observe
that the indirect solution is more accurate than the direct solution.
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Fig.8 Six-interval indirect solution for ¢, g2, and u for example 2; solutions for the cases 1-4 overlap within the accuracy of the figure.
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Fig.9 Accuracy of the solutions in comparison with the solution ob-
tained with the first integral used explicitly as a constraintin example 2.

VI. Conclusions

This paper addressed the underlying theory and computational
tools for dynamic optimization of systems in higher-order forms.
These higher-order forms either occur naturally in the problem or
can be achieved through transformationsusing linear and nonlinear
systems theory. The optimality theory for such higher-ordersystems
was derived using Hamilton-Jacobi equations and calculus of vari-
ations. The results from both approaches were compared to yield

the same results. The optimality conditions were then used to de-
velopadirectand anindirectcomputationalscheme using MATLAB
and a nonlinear programming solver, NPSOL. Through a linear and
nonlinear example, it was shown that both with direct and indirect
method, an optimization problem posed in the higher-order form
requires an order of magnitude less computation compared to a
problem posed in the first-order form to yield the same accuracy of
the solution. Hence, from a computationefficiency pointof view, we
believe that a higher-order form of the problem should be pursued.
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